We present an efficient, fast and robust Nonlinear Fourier Transform (NFT) algorithm to detect eigenvalues of the discrete spectrum. It outperforms other known NFT algorithms as it detects the eigenvalues from the continuous spectrum, the numerically more robust part of the nonlinear spectrum.
Introduction
Nonlinear Frequency Division Multiplexing (NFDM) has been proposed as a viable technique to exploit the Kerr nonlinearity in data modulation over nonlinear optical fiber [1] . In NFDM systems, the data is modulated in a socalled nonlinear Fourier spectrum [2] . The spectrum has two parts: the continuous spectrum containing the real valued frequencies and the discrete spectrum containing a set of isolated complex valued frequencies, called eigenvalues. The discrete spectrum represents the solitonic components of the signal. The main advantage of NFDM is that the nontrivial transformation of a pulse along an "ideal" nonlinear optical fiber can be characterized by simple linear transfer functions in the nonlinear Fourier spectrum. Various NFDM systems have been shown in the last years in different scenarios, see [3] and references therein.
To retrieve transmitted data, the received signal should be mapped to its nonlinear Fourier spectrum. There are plenty of Nonlinear Fourier transform (NFT) algorithms, see [1, 3] , to numerically compute the spectrum. While the algorithms for the continuous spectrum are robust and relatively precise, the ones for the discrete spectrum suffer from severe problems, summerized in Sec. 2, specially when the signal duration is relatively long. This is the case when the pulse has several eigenvalues [4] or the pulse has both discrete and continuous spectrum [2] , [5] .
In this paper, we present a novel algorithm to retrieve the eigenvalues of the discrete spectrum from the continuous spectrum. The algorithm exploits the relation between these two spectrum to find all discrete eigenvalues simultaneously. We show its excellent performance on the pulses reported before in an NFDM experiment [5] . Each pulse has 4 eigenvalues, modulated 8-PSK independently, as well as a modulated continuous spectrum by a 64x0.5 Gbaud OFDM signal with 32-QAM sub-carriers, resulting 55.3 Gb/s. As we show in Sec. 4, the relatively long duration of each pulse makes it challenging for other known NFT algorithms to retrieve eigenvalues from the received pulses.
Nonlinear Fourier Transform: Preliminaries and Numerical Problems
The standard Nonlinear Schrödinger Equation (NLSE) serves as the basic model for the pulse propagation q(t, z) along an ideally lossless and noiseless fiber. The nontrivial pulse propagation can be characterized by simple transformations in the nonlinear Fourier spectrum, defined by the following so-called Zakharov-Shabat system 1 
The nonlinear Fourier coefficients (Jost pair) are then defined as
The nonlinear spectrum is usually described by the following two parts:
For λ ∈ R, the matrix is skew-Hermitian and the off-diagonal entries are bounded. These properties allow for designing robust algorithms with quasi-linear complexity [7] . The NFT algorithms for DS are reviewed in [1, 8] . All the algorithms, based on discretizing (1) or its variants, suffer, more or less, from the following problems: (1) The off-diagonal entries of Eq. 1 can have extremely large variations for λ ∈ C + specially when the pulse duration is relatively long. This makes the algorithms too sensitive to the over-sampling factor and approximation techniques.
(2) Most of the algorithms search for the zeros of a(λ ; z). It is usually done by some fine 2-D grid search in C + followed by a sub-optimal iterative method like Newton-Raphson zero search method. This requires lots of a(λ ; z) evaluations.
(3) If the pulse is contaminated by noise, the perturbed eigenvalues are correlated. Most of NFT algorithms find eigenvalues individually while a joint search is more effective.
The Fourier collocation method is an exception to the above problems, but it suffers from a cubic complexity, generating spurious eigenvalues and large numerical errors [1] .
The Novel NFT Algorithm: Detection of Eigenvalues from Continuous Spectrum
We present now a new algorithm which retrieves the discrete eigenvalues from the continuous spectrum. As we will show, our algorithm does not suffer from the above problems. Consider an arbitrary pulse with the eigenvalues λ k = ω k + jσ k , 1 ≤ k ≤ N and with the CS (a(ω), b(ω)) for all ω ∈ R. It is shown in [9, P. 49, Eq. 6.27] that,
where H[·] denotes the Hilbert transform. Knowing b(ω), we can obtain A[b(ω)]. Then, from a(ω) and A[b(ω)] we can express an all-pass filter G(ω), i.e. |G(ω)| = 1, depending only on the eigenvalues,
Remark. An immediate result is on the number of eigenvalues: N = 1 2π lim ω→∞ θ (ω) − θ (−ω) (see Fig. 2(e) ). For a given pulse, we compute θ (ω) numerically by computing (a(ω), b(ω)) and accordingly, A[b(ω)]. The goal is to find ω k and σ k from the measured phase θ (ω) using Eq. 3. Phase synthesis of an N−order all pass filter is a known problem in signal processing, e.g. [10] . Letλ k =ω k + jσ k denote the estimated eigenvalues for 1 ≤ k ≤ N. Definê
which is a weighted square error with some suitable positive weight function C(ω). We will haveλ k = λ k for 1 ≤ k ≤ N, if and only if the error becomes E(θ (ω),θ (ω)) = 0. Therefore, we need to findλ k which minimizes E(θ (ω),θ (ω)).
To do this, one straightforward approach is to apply the iterative gradient descent algorithm, k depend on the problem in hand. For instance, we use the design eigenvalues for our pulses in the next section. For simplicity, we also set C(ω) = 1 over a large range of ω though C(ω) can be further optimized for a faster or more precise convergence.
Performance Evaluation in Experiment
We verify the performance of our algorithm using the transmission experiment reported before in [5] . Each NFDM pulse is composed of 4 eigenvalues, each modulated 8-PSK independently, and a modulated continuous spectrum by a 64x0.5Gbaud OFDM signal with 32-QAM sub-carriers. The nonlinear spectrum is visualized in Fig. 2(a) . The 4 eigenvalues are fixed and equal to {±3π f 0 + jσ 0 , ±π f 0 + jσ 0 } where f 0 = 10 π GHz and σ 0 corresponds a fundamental soliton with full-width half-maximum (FWHM) of 0.878 ns, 7 times smaller than the total duration of 6 ns (with the guard intervals). A train of such NFDM symbols is generated randomly and transmitted over 18 EDFA amplified spans Fig. 1 . The details of the setup, transmission and detection are explained in [5] . Here, we focus only on the detection of eigenvalues from the received pulses. Fig. 2(e) shows the phase diagram θ (ω) in Eq. 3 numerically computed from the continuous spectrum of a received NFDM pulse. We used the trapezoidal NFT algorithm [11, Sec. III.A] to compute the CS (a(ω), b(ω)). We also plot a very small residual error ofθ (ω) − θ (ω) ∼ 10 −4 after convergence of our least-squared algorithm, showing a precise estimation of zeros and poles of G(ω). For most of NFDM pulses, the algorithm required less than 20 iterations. Fig. 2(c) illustrates the estimated eigenvaluesλ k of 100 received NFDM pulses. We applied also the Fourier collocation (FC) with 512 samples as well as the exhaustive 2-D Newton-Raphson (NR) search with a higher oversampling. Note that these algorithms are much slower than our algorithm. To compare the estimation precision of these algorithms, we evaluated |a(λ k ; z)|, which must be ideally zero, using the trapezoidal NFT algorithm with highly oversampling the pulse. We observe in Fig. 2(f) that the estimations of our algorithm is more precise than the solutions of FC and slightly less precise than the estimations of NR. Fig. 2(d) shows that the estimations of our algorithm is much closer to the ones of NR than the estimations of FC. We obtained similar results for different launch powers (the variable power of the continuous spectrum, see [5] ).
Conclusion
We presented a new NFT algorithm for detection of eigenvalues from the continuous spectrum. The algorithm is fast and more precise than other known algorithm, specially when the pulse has a relatively long duration.
